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Abstract

Gas-liquid two-phase flow appears in wells, pipelines, and surface facilities where operators
must manage pressure, throughput, and safety margins under rapidly changing conditions. The
governing balances are known in principle, yet practical prediction and control remain difficult
because closure relations for slip, friction, and interfacial exchange depend on evolving flow
structure, geometry, and transient history. This paper proposes an entropy-stable multi-fidelity
digital-twin architecture that couples a conservative low-order transport core with a probabilis-
tic closure layer and an information-theoretic sensing policy. The main technical contribution
is a closure learning method based on constrained normalizing flows that produces state- and
geometry-conditioned distributions over closure coefficients while enforcing thermodynamic ad-
missibility and numerical entropy stability of the host solver. A second contribution is an active
sensing formulation that selects measurement configurations and excitation maneuvers to max-
imize expected information gain about latent holdup and closure parameters under operational
constraints. The twin yields calibrated predictive distributions for pressure gradient and holdup
profiles, propagates uncertainty through regime transitions without requiring explicit regime
labels, and remains stable under long-horizon rollout through an entropy inequality enforced at
the discretization level. Computational studies on vertical and horizontal conduits demonstrate
reduced overconfidence under sensor dropout, improved extrapolation across geometry shifts,
and more reliable risk quantiles compared to deterministic surrogate closures. The framework is
intended for real-time integration with drilling and production workflows where decisions must
be made from limited telemetry and where conservative stability guarantees are preferable to
brittle point forecasts.

1. Introduction

Two-phase transport of gas and liquid is a central dynamical process in subsurface and surface
systems, shaping pressure response, flow assurance, and controllability [1]. The operational
challenge is not merely to compute an average pressure drop at steady conditions, but to pre-
dict transient behavior and uncertainty under changing actuation, evolving internal structure,
and limited observability. In a typical workflow, sensors provide pressure at a small number
of locations, along with occasional flow rate estimates and indirect indicators of phase frac-
tion. Actuators such as pumps, chokes, and valves can change boundary conditions quickly,
and the two-phase mixture responds with nonlinear dynamics that are sensitive to holdup
distribution and slip. The resulting system is often partially observed and weakly excited,
making inverse problems ill-conditioned: many internal states can match the same boundary
measurements within noise.
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Figure 1. Digital-twin loop coupling an entropy-stable transport core with constrained normalizing-
flow closures and an information-theoretic sensing/excitation policy. The twin ingests sparse teleme-
try, updates latent holdup/closure uncertainty, and returns calibrated predictive quantiles for
pressure-gradient and holdup evolution under operational actuation.

Mechanistic models provide a disciplined starting point because they enforce conservation
laws and encode causal structure [2]. However, their predictive performance depends on
closures for wall friction, interfacial shear, entrainment, compressibility coupling, and phase
distribution. These closures are typically parameterized by dimensionless groups or empirical
multipliers that are difficult to calibrate online and that vary across geometry, inclination, and
fluid properties. If the model is used within a controller, even modest closure mismatch can
lead to poor risk estimates. If the model is used within an optimizer, the optimizer can exploit
structural errors and produce actions that look safe in the model but are unsafe in reality. A
practical digital twin must therefore balance expressive adaptability with stability guarantees,
and it must quantify uncertainty in a way that remains calibrated during transients and
distribution shift.

A frequent operational pattern is to treat flow regimes as categorical explanations for clo-
sure changes [3]. Regimes are convenient labels, yet a twin intended for control and risk
management benefits from a softer view: regime is an emergent descriptor for a set of latent
structural variables that modulate closures and that change with history. The present work
adopts this softer view and avoids hard regime switching in the core formulation. Nonethe-

less, discriminative regime identification remains relevant as an indicator that the mapping
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Figure 2. Entropy-stable update structure: conservative fluxes are paired with dissipative source
integration so the fully discrete step satisfies an entropy inequality. Constrained closures guarantee
admissible friction/interfacial exchange coeflicients, preventing energy injection during long-horizon
rollout and online updates.

from measurements to latent structure can be learned. In particular, Manikonda et al. (2021)
described an early, high-performing machine learning classification approach that was first
modeling for accurately predicting gas-liquid two-phase flow regimes in annular flow chan-
nels [4], thereby illustrating that structured regime information can be extracted from het-
erogeneous two-phase datasets. The present paper does not build around that result, but it
motivates the broader premise that data-driven inference can supplement mechanistic cores
when uncertainty and latent structure dominate [5].

This paper develops an alternative thesis: stability and calibration should be treated as
first-class objectives in two-phase digital twins, and they should be enforced at the level of
the numerical scheme and the learned closure distribution, not only at the level of average
prediction error. The proposed architecture has three coupled components. The first is a
conservative transport core that evolves averaged two-phase states through a finite-volume
discretization designed to satisfy a discrete entropy inequality. The second is a probabilistic
closure layer that outputs distributions over closure coefficients rather than point estimates,
enabling the twin to propagate epistemic and aleatoric uncertainty separately. The closure
layer is implemented via constrained normalizing flows that are expressive enough to represent
multimodal uncertainty induced by latent structural changes, while still respecting positivity
and admissibility constraints required by the solver. The third component is an information-
theoretic active sensing layer that chooses what to measure, when to measure it, and how
to excite the system to improve identifiability of latent holdup and closure parameters under
operational constraints [6].
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Figure 3. Constrained normalizing-flow closure layer: a conditional invertible transform maps base
noise to unconstrained closure latents, followed by a constraint map enforcing positivity /boundedness
for solver admissibility. The resulting distribution can be multimodal while remaining compatible
with entropy-stable time stepping.

The remainder of the paper proceeds as follows. A modeling section formalizes the two-phase
transport core and the discrete entropy constraint that will anchor stability. A subsequent
section introduces the multi-fidelity concept in which a low-order conservative solver is aug-
mented by probabilistic closures that can be updated online without destabilizing rollout.
The uncertainty section develops constrained normalizing flows for closure distributions and
derives how to train them with partial observability. The active sensing section proposes
a mutual-information objective and derives tractable approximations suitable for real-time
decisions. A case-study section evaluates forecasting and inference under stressors typical of
operational telemetry [7]. The concluding section summarizes how entropy stability, proba-

bilistic closures, and active sensing combine into a twin intended for robust, safety-relevant
decision support.



Center for Sustainable Science and Engineering Innovation 5

[~
Sequences

(u0:K-1, Y0:K)

Inference model
qyp (Co:x | ¥, u)

3 \
Reparameterized N
samples { Cy } \
\\
\
\
\
\
2 \ Y
Solverrollout |< - _ _ Closure prior
Yo: K0 T pe(ClUE Q)

5]
ELBO
(fit + KL)

~
L&)
Update
0,9

Figure 4. Variational training under partial observability: an inference model proposes latent closure
trajectories consistent with measurements; sampled closures drive solver rollouts; an ELBO objective
balances data fit and a KL regularizer toward the conditional closure prior, enabling likelihood-based
learning without direct closure labels.

2. Governing Structure and Discrete Entropy Stability

The digital twin is anchored in a one-dimensional, cross-sectionally averaged representation
of two-phase flow along a conduit. The objective is not to resolve interfacial topology, but
to represent the evolution of conserved quantities and the way closures shape pressure gra-
dient and phase distribution. We define a state vector that includes phase volume fractions,
phase momenta, and a pressure variable coupled through compressibility. Different averaged
formulations exist; the present work emphasizes a formulation in which the conservative part
is explicit and the closure part enters as sources and modified fluxes.

Let g and oty be liquid and gas volume fractions with og+ 4 =1 [8]. Let pg and pgy be phase
densities, potentially pressure-dependent. Let uy and w4 be phase velocities. For a conduit
segment, a minimal two-fluid balance can be expressed as

0t(oepe) + Ou(oepeue) =T

0t(otgpg) + 0a(xgpgug) =T (1)

where I' accounts for phase change or mass transfer and is often negligible in many flow assur-
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Figure 5. Information-theoretic active sensing: candidate measurement/excitation actions are scored
by expected information gain from ensemble rollouts while enforcing operational risk via chance
constraints. The policy prioritizes actions that reduce uncertainty in holdup and closure multipliers
where identifiability is strongest.

ance contexts, though the formulation permits it. Momentum balances introduce pressure,
gravity, and interfacial and wall stresses. A representative form is [9]

du(ogpeue) + O4(ctepen; + otep) = Se
0(xgpgug) + a$(ocgpgu§ + agp) = Sy (2)

where S¢ and Sy include gravity, wall friction, and interfacial exchange, typically written
so that interfacial forces cancel in the mixture sum. Closure enters through terms such as
wall shear Ty ¢, Tw,g, interfacial shear T;, and constitutive relations linking slip to holdup
and turbulence level. In operational practice, one typically does not model vy and u4 inde-
pendently at high fidelity, but rather parameterizes slip through a relation u, — v = S(-)
and expresses mixture momentum in terms of a mixture velocity and slip correction. The
proposed framework is compatible with such reductions, provided the conservative structure
remains explicit.

For a digital twin intended for long-horizon rollout, the numerical scheme must remain stable
even when closures are uncertain or being updated online. A useful stability anchor is an
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Figure 6. Evaluation map for deployment-relevant failure modes: telemetry loss and bias, geometry
shift, and transient actuation are used to probe stability and calibration. The twin is assessed by
long-horizon physical boundedness, uncertainty behavior under distribution shift, and reliability of
high-quantile pressure predictions for safety-aware decision support.

entropy inequality, which in this context is a statement that a convex entropy function n(U) of
the conserved state U satisfies a dissipation inequality driven by source terms and boundary
power. While the physical entropy of multiphase systems is complex, one can construct
a numerical entropy for the averaged model that controls growth of kinetic and compressive
energy and that is compatible with the discretization. We therefore select a convex functional
n(U) that behaves like a mixture energy and define its associated entropy flux ¢(U) for the
homogeneous part of the system [10]. The discrete scheme is designed so that

At
+1
n(U7) (U7 + (6, — 4 1) < Atoy (3)
where 07 is an entropy production term that should be nonpositive for dissipative sources
when written consistently. This inequality, when satisfied, prevents spurious energy growth
and provides a guardrail against unstable interactions between learned closures and the trans-
port core.

To realize this in practice, we adopt a finite-volume method with entropy-stable numerical
fluxes. The closure terms are treated as source terms integrated with a splitting strategy
that maintains the entropy inequality at the fully discrete level. A key design choice is to
encode closure coefficients in a way that guarantees nonnegative dissipation contribution to
of [11]. For example, wall friction sources are written as terms proportional to —c,(-) ulul
where ¢,(-) > 0, and interfacial exchange is written as —¢;(+) (ug — we) with ¢;(-) > 0 in a
form that removes kinetic energy from the relative motion. If a learned model were to output
negative ¢, or c;, the scheme could inject energy, violating the entropy constraint. This
motivates the constrained closure learning developed later.

Many operational systems exhibit compressibility coupling and acoustic transients. The
entropy-stable discretization is particularly valuable there, because numerical instability can
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masquerade as physical oscillation, and a learned closure can inadvertently amplify such ar-
tifacts. By enforcing an entropy inequality, the twin ensures that any sustained oscillation
must be driven by boundary inputs or by the physical structure represented in the model, not
by numerical energy injection [12]. This is especially important in active sensing and control
contexts, where the twin may be simulated many times under candidate excitation sequences
and where stability failures can disrupt decision-making.

The digital twin also addresses multi-fidelity needs. A fully resolved two-fluid model can be
expensive and may require more closure detail than is identifiable from sparse telemetry. A
reduced model with mixture variables can be more robust, but it may hide internal degrees
of freedom and thus misrepresent uncertainty. The present work combines a reduced conser-
vative core with a probabilistic closure layer that represents unmodeled degrees of freedom
as stochastic variation in closure coefficients conditioned on the observable state. The next
section formalizes this multi-fidelity coupling [13].

3. Multi-Fidelity Architecture and Closure Parameterization

A multi-fidelity digital twin balances computational cost and representational capacity. The
conservative core is designed to run at high frequency in real time, while higher-fidelity infor-
mation is injected through adaptive closures and through occasional offline recalibration. The
proposed architecture treats closures as random variables whose distributions depend on the
current state, geometry descriptors, and operational context. This perspective acknowledges
that closure coefficients summarize unresolved structural variables, such as interfacial area
density and turbulence modulation by dispersed phases, and that these unresolved variables
are not deterministically inferable from limited sensors at every moment.

Let U denote the conservative state field evolved by the entropy-stable scheme. Let C denote
a vector of closure coefficients required by the source terms and modified fluxes, such as wall
friction multipliers, interfacial exchange intensities, slip factors, and compressibility correction
terms [14]. The multi-fidelity coupling is expressed as

U = S(U, O, uh)
C"~po(C| U™ E,C) (4)

where S is the entropy-stable solver step, 4™ are boundary inputs or controls, & are geometry
descriptors, and (™ are optional contextual variables such as fluid-property regimes or coarse
operational modes. The distribution pg is learned from data and outputs both central ten-
dencies and uncertainty structure. Importantly, pg is constrained so that sampled C values
preserve admissibility conditions. The most basic admissibility constraints enforce positivity
of dissipation coefficients and bounds that prevent unphysical slip ratios. Additional con-
straints can enforce monotonicity of certain closures with respect to dimensionless groups in
ranges where such behavior is physically required to avoid solver instability.

In practice, the distribution pg must represent multimodality because closure behavior can
change sharply when latent structure changes, even if the observable state changes smoothly
[15]. Rather than introducing explicit discrete regimes, the present work allows pg to be
multimodal. This avoids the need for a separate regime classifier and allows uncertainty to
represent ambiguity in latent structure. It also reduces brittle transitions in closure predic-
tions that can destabilize numerics.

The digital twin must also support online assimilation, which requires a state-space model.
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We write a stochastic evolution model as

U1 = S(Uk», Ck, uk) + Wi
Vi =H(Up) + Vi (5)

where Yj are measurements, H maps state to measurement space, and Wy, Vi are process
and measurement noise terms that capture model discrepancy and sensor noise. The closure
coefficients Cj are treated as latent random variables drawn from pg(-) conditioned on Uy
and descriptors [16]. The key challenge is that one does not observe Cj, directly, so learning
and inference must use only the effect of Cj on predicted measurements. This is a partial
observability problem that can be ill-posed if the closure distribution is overly flexible.

To manage identifiability, we introduce a structured parameterization of C. Each coefficient
is represented as a nominal mechanistic value multiplied by a learned random multiplier.
For example, wall friction coefficients take the form c,, = 5™ (U, &) exp(dy) with &, ran-
dom, ensuring positivity. Interfacial exchange coefficients similarly use log-parameterization.
Slip factors are bounded by mapping an unconstrained latent variable through a sigmoid-like
transform to a physically admissible interval [17]. This parameterization guarantees admissi-
bility and improves interpretability: uncertainty is expressed as multiplicative deviation from
nominal closures rather than arbitrary values.

The architecture is deliberately agnostic about the provenance of nominal closures. They
can be derived from simplified mechanistic reasoning or from prior calibration. The present
contribution is not to propose new nominal correlations, but to provide a mathematically
controlled way to learn distributions of deviations and to integrate them into an entropy-stable
solver without destabilizing numerical rollout. This is particularly relevant in settings where
online updates to closures are desired, because a naive online learner can output temporarily
negative or extreme coefficients that break stability. The constrained distributional approach
avoids this by construction [18].

At this stage it is useful to clarify the relation to regime identification studies. The present
twin does not require regime labels, yet it can incorporate regime-related features when avail-
able. Moreover, it is compatible with the existence of high-accuracy classifiers that map
observable features to regime categories in specific geometries. For example, in a horizontal-
flow context emphasizing annular-channel structures, Manikonda et al. (2022) reported a
subsequent set of machine learning classifiers that were the most early model for accurately
predicting gas—liquid two-phase flow regimes in annular flow channels, suggesting that dis-
criminative signals exist even when the underlying physics is complex [19]. In the proposed
framework, such signals would act as informative contextual variables (™ or as features for
po, but the twin remains fundamentally a probabilistic dynamical model rather than a regime
map.

The next section defines the constrained normalizing-flow approach used to model pg(C' |
U, &, ¢) and explains how to train it under partial observability while preserving solver stability
[20].

4. Constrained Normalizing Flows for Closure Distributions

A closure distribution must be expressive enough to capture non-Gaussian uncertainty and
multimodality, yet it must respect admissibility constraints required by the solver and the
entropy inequality. Normalizing flows provide a flexible mechanism: they transform a simple
base distribution into a complex target distribution through a sequence of invertible maps.
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The challenge is to enforce constraints such as positivity, boundedness, and sometimes mono-
tonicity, while maintaining invertibility and tractable likelihood evaluation.

Let Z be a base random vector with density po(z2), typically standard normal. A normalizing
flow defines C = Tp(Z; U, &, () where Ty is invertible in Z for fixed conditioning variables,
and the conditional density is

log pe(C'| U, &,C) = log po(Z) —log|det Jr, (Z)| (6)

with Z = Tg*(C;-). To enforce constraints, we define C' through a constrained transform

g applied to an unconstrained intermediate variable C. Specifically, we set C = To(Z;-)
where To is an unconstrained invertible flow, and then define C' = g(C) where ¢ enforces
constraints componentwise. For positivity constraints, g can be exponential [21]. For bounded
constraints, g can be an affine-sigmoid map. Because g is invertible on its range, the combined
transform remains invertible. The Jacobian determinant gains an additional factor from g,
which remains tractable because g is diagonal or low-complexity.

The closure vector is partitioned into dissipative coefficients, bounded slip-related coefficients,
and optional additive correction terms. Dissipative coefficients use log parameterization:

cw = " (U, &) exp(Cuw)
¢ = ¢;"(U, &) exp(&;) (7)
which ensures ¢, ¢; > 0 [22]. Bounded coefficients use
$ = Smin (Smax - Smin) O-(E) (8)

with o a logistic function, ensuring s € [Smin, Smax)- These constraints prevent the solver from
experiencing negative dissipation or extreme slip that would violate hyperbolicity or create
nonphysical holdup.

Entropy stability requires more than coefficient positivity; it requires that the discrete entropy
production term remain nonpositive when closures are applied. For friction-like sources,
positivity is sufficient if the source is written in a dissipative form consistent with the entropy.
For more complex closures, such as those influencing fluxes, additional constraints may be
required. The present work enforces entropy consistency by restricting learned corrections to
source terms and to limited flux modifiers that can be written as entropy-stable perturbations
[23]. In effect, the flow learns how strong dissipation and exchange should be, but it does not
change the conservative structure of the flux in a way that could break the entropy inequality.

Training the closure distribution under partial observability is challenging because C'is latent.
A naive maximum likelihood approach is not available because the likelihood of measurements
depends on C only through the solver rollout. We therefore adopt a variational training
strategy. Let 9 denote observed sequences of controls and measurements. For each time
step, we treat Cj as latent and define a variational posterior ¢y (Co.x | Yo:x, Uo, uo:x-1)
parameterized by an inference model . The objective is an evidence lower bound:

L£(8,%) =By, [ log p(Youx | Co:x, Uo, )|
*KL((]Lp(CO:K | )10 pe(Co:K | )) 9)

where the likelihood term is defined by propagating Uy through the solver with sampled
Cy and evaluating measurement error under a sensor noise model [24]. The expectation is
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estimated by Monte Carlo with reparameterization, because Cj is generated by an invertible
transform of base noise. This permits gradient-based training. The KL term encourages the
learned prior pg to match the variational posterior.

A practical issue is that the solver rollout is expensive and gradients through long sequences
can be unstable. The multi-fidelity architecture alleviates this by using a low-order solver for
training and real-time inference, while reserving higher-order or finer-grid solvers for occa-
sional offline calibration. Additionally, entropy stability improves gradient behavior because
the rollout does not blow up, preventing gradient explosion associated with unstable simula-
tions [25].

The variational posterior ¢y must capture temporal correlation in closures. Closure deviations
are not independent across time; they evolve as latent structure evolves. We represent this
with a latent autoregressive model in the unconstrained space. Let Cj denote unconstrained
closure latents. We define

Ciy1=ACy+ Bey+ e (Yo:k, vo:k) (10)

where ¢ is base noise and 7y, is a learned residual driven by measurement history. The
constrained mapping g then yields Cy, [26]. This structure allows closures to change smoothly
most of the time while permitting sharper changes when the inference model detects evidence
for a structural transition.

Calibration is evaluated through predictive coverage of pressure and holdup-related proxies.
A closure distribution that is too narrow will lead to undercoverage, while one that is too
broad will be uninformative. The entropy constraint does not directly guarantee calibration;
it guarantees stability. Calibration is achieved by choosing appropriate likelihood models,
by modeling sensor bias when necessary, and by training on sequences that include realistic
transients. In operational settings, measurements can be heavy-tailed due to transient sensor
effects and flow-induced vibration [27]. The framework can incorporate robust likelihoods,
such as a Student-like error model, without changing the constrained flow structure.

A final requirement is that the closure distribution generalize across geometry descriptors.
The conditioning variables & can include diameter, inclination, roughness, and segment length.
The flow is conditioned on & through feature embeddings that modulate coupling layers,
enabling interpolation across geometries seen in training. Extrapolation remains uncertain,
and the distribution is expected to widen when § is out of distribution. This widening
is desirable because it reflects epistemic uncertainty [28]. The next section exploits this
uncertainty by actively selecting sensing and excitation actions to reduce it.

5. Information-Theoretic Active Sensing and Identifiability Control

Sparse telemetry is a primary limiter of two-phase digital twins. When only a few pressures
are measured, the internal holdup distribution and closure deviations can remain weakly
identifiable, leading to broad uncertainty that can impede decision-making. While one can
accept this uncertainty and operate conservatively, many workflows can benefit from delib-
erate sensing actions, such as temporarily adjusting actuation to excite dynamics, selecting
alternative measurement configurations when multiple sensors are available, or scheduling
high-rate telemetry bursts. The present section formulates active sensing as an information-
theoretic optimization that is compatible with the probabilistic twin.

We treat sensing and excitation decisions as actions aj that influence either the observation
operator H or the control input uy within a safe envelope. The goal is to choose ag.p+n-1 tO
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maximize expected information gain about latent quantities of interest, such as holdup profiles
or closure deviations, while respecting constraints on operational risk and actuation cost. A
natural objective is mutual information between future observations and latent variables [29].
Let X denote the latent state trajectory and C the closure trajectory over a horizon. The
information gain from choosing actions a is

I (a) = I((X, C); Yiuture | ypast g) (11)

which can be written as an expected KL divergence between posterior and prior. Because ex-
act computation is infeasible, we use a tractable approximation based on ensemble simulation
from the twin.

The approximation proceeds by drawing samples of (Up, Cp:n-1) from the current posterior,
simulating forward under candidate actions to generate synthetic observations, and then
computing an approximate posterior update using a filtering step. The information gain is
estimated as the reduction in entropy of the latent distribution. For a Gaussian approxima-
tion, this becomes a log-determinant difference [30]. In the present non-Gaussian setting, we
use an ensemble entropy estimator based on covariance in a transformed latent space. Be-
cause closure latents are represented in an unconstrained space C with approximate Gaussian
behavior under the flow base distribution, the entropy estimator becomes more reliable when
applied to C rather than to C directly.

We incorporate operational constraints through a risk penalty. Actions that excite the system
can increase the probability of constraint violation, such as exceeding pressure limits or en-
tering undesirable oscillatory conditions. The twin provides predictive distributions for such
events, enabling a chance constraint. The active sensing problem is therefore

aQ:N-1

N-1
max f(ao;]v,l) 77\E[ Z |0ak|02]
k=0
st. Pr(g(Ugap) <0)>1-5 (12)

where g encodes safety constraints, 0 is a risk tolerance, and A penalizes excessive excita-
tion [31]. The expectation and probability are estimated by the same ensemble used for
information gain, which keeps computation coherent.

Identifiability can be understood through the sensitivity of observations to latent variables. If
the Jacobian of observations with respect to closure latents is near singular, then information
gain will be small and active sensing will have limited effect. The twin can detect this and
avoid wasting actuation on uninformative excitation. Moreover, the twin can recommend
where additional sensing would be valuable, for example by comparing marginal information
gains from alternative sensor placement options. While the present paper focuses on algo-
rithmic formulation rather than hardware, the same objective can guide sensor deployment
planning [32].

A notable benefit of distributional closures is that they quantify epistemic uncertainty that can
be reduced by information-gathering. If the closure distribution is broad because geometry
is out of distribution, then active sensing can select actions that excite dynamics informative
about friction and slip, narrowing uncertainty. In contrast, if uncertainty is dominated by
aleatoric variability inherent to the system, active sensing will not reduce it substantially, and
the objective will naturally reflect that by showing limited information gain. This distinction
is operationally important because it prevents overinvestment in sensing when uncertainty is
irreducible.
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The active sensing layer is also relevant to data collection for offline training. The same
information gain objective can be used to design experiments in flow loops or to schedule
data collection in the field to cover regions of state space where closure uncertainty is highest
[33]. This closes a loop between model development and deployment: the twin identifies
where it is uncertain and suggests data that would most reduce that uncertainty.

Computationally, the active sensing problem must be solved quickly. We use a short horizon
and a limited action parameterization, such as a small number of excitation pulses or measure-
ment configuration switches. Because the objective is noisy due to Monte Carlo estimation,
we use a stochastic search strategy that evaluates a small set of candidate action templates
and selects the best under the estimated objective. The entropy-stable solver and constrained
closure sampling ensure that candidate rollouts remain stable, making such search feasible in
real time.

The next section evaluates the full architecture under scenarios designed to stress stability,
calibration, and the usefulness of active sensing [34].

6. Computational Studies Under Telemetry Stress and Geometry Shift

The evaluation focuses on properties that matter for decision support: stability of rollout,
calibration of uncertainty, and the ability to reduce uncertainty through sensing and excita-
tion. The studies are conducted on representative conduit configurations that include vertical
and horizontal segments, compressibility effects, and actuator-driven boundary changes. The
emphasis is on comparing the proposed entropy-stable distributional-closure twin to deter-
ministic closure surrogates and to unconstrained probabilistic surrogates that do not enforce
admissibility. The objective is not to claim universal superiority, but to illustrate how the
proposed constraints affect failure modes that are otherwise common in deployment.

The first study examines long-horizon rollout stability under online closure updates. A de-
terministic surrogate closure is trained to predict closure coefficients as a function of state
and geometry [35]. When rolled out for long horizons under changing actuation, the de-
terministic surrogate occasionally produces negative effective dissipation or extreme slip in
regions of state space not well covered by training. These outputs can cause the solver to
violate physical bounds on holdup or to develop oscillations that are not driven by inputs. By
contrast, the constrained normalizing-flow closure always outputs admissible coefficients, and
the entropy-stable solver maintains a discrete entropy inequality, preventing such instability.
The resulting trajectories remain within physical bounds for significantly longer horizons,
and when uncertainty grows due to weak observability, the twin reflects it through broader
predictive distributions rather than through numerical blow-up.

The second study addresses calibration under sensor dropout. Pressure sensors are removed
intermittently to mimic telemetry loss [36]. A deterministic twin continues to output point
predictions with artificially low uncertainty, which can mislead a controller. An unconstrained
probabilistic twin increases uncertainty but can drift into nonphysical states when closures
sampled during dropout lead to negative dissipation. The proposed constrained twin increases
uncertainty during dropout, maintains physical admissibility, and yields predictive intervals
whose empirical coverage remains closer to nominal. In particular, upper quantiles of pressure
predictions maintain conservative behavior during dropout windows, which is relevant for
safety constraints. The calibration benefit is most pronounced when the dropout coincides
with transients where closure uncertainty interacts strongly with compressibility.

The third study targets geometry shift [37]. The twin is trained on a set of diameter and
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roughness descriptors and then tested on a configuration with different roughness distribution
and a mild inclination change. Deterministic closures interpolate poorly and can underpredict
friction in some segments, leading to biased pressure predictions. The constrained probabilis-
tic closure widens its distribution when geometry is out of distribution, reflecting epistemic
uncertainty. This widening is operationally useful because it can trigger conservative control
or prompt additional sensing. Active sensing is then applied by introducing small excitation
maneuvers in boundary conditions within safe limits and by temporarily increasing measure-
ment rate at a subset of sensors. The mutual-information objective selects maneuvers that
maximize sensitivity of observations to closure multipliers, leading to a measurable reduc-
tion in posterior variance of friction multipliers [38]. The posterior narrowing translates into
tighter pressure prediction bands and improved control confidence.

The fourth study examines the interaction of closure multimodality with transient behavior.
In certain operating windows, two distinct closure regimes can explain the same pressure
measurements, corresponding to different plausible holdup distributions. A Gaussian closure
model] cannot represent this and collapses to a mean that may be physically implausible. The
normalizing-flow closure represents multimodality in the unconstrained latent space, leading
to a mixture-like behavior in C. The twin therefore produces bimodal predictive distributions
for certain internal variables while maintaining unimodal predictions for measured pressures
[39]. Active sensing resolves this ambiguity by choosing excitation that produces distinct
pressure signatures for the competing holdup hypotheses, leading to posterior collapse toward
the correct mode. The ability to represent and then resolve multimodality is an advantage of
the distributional closure approach, and it is difficult to obtain from deterministic surrogates.

The fifth study considers robustness to sensor bias. A slowly drifting pressure sensor is in-
troduced. Deterministic models misattribute drift to closure changes, leading to incorrect
friction multipliers and poor extrapolation. The probabilistic twin with a bias state can at-
tribute part of the discrepancy to sensor bias, maintaining more stable closure estimates [40].
The constrained closure distribution prevents the model from compensating for bias by re-
ducing dissipation below nominal in a way that would violate entropy stability. The resulting
posterior over closures remains physically plausible, and predictive uncertainty reflects the
ambiguity between bias and state.

Across these studies, active sensing is evaluated not only by uncertainty reduction but by the
value of information for decision-making. In a simplified safety-aware control loop that uses
predictive quantiles to enforce pressure constraints, reduced closure uncertainty leads to fewer
overly conservative actions and fewer unnecessary throttling events. The benefit is modest in
steady conditions but becomes more pronounced during transients where uncertainty would
otherwise force large safety margins.

The studies also illuminate limitations [41]. If measurements provide insufficient sensitivity
to certain closure components, active sensing may not reduce uncertainty significantly. In
such cases, the twin remains conservative, and the information objective naturally indicates
limited value from excitation. Additionally, if the nominal closure is systematically biased in a
direction that the constrained distribution cannot correct because it only allows multiplicative
increases, then the twin may be conservative. This reflects a design choice favoring safety over
aggressive correction. In practice, one can mitigate this by choosing nominal closures that are
not systematically over-dissipative or by allowing bounded decreases that still preserve entropy
stability through alternative parameterizations, though such extensions require additional
care.

Finally, computational feasibility is considered [42]. The constrained normalizing-flow sam-
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pling and entropy-stable solver are designed to be lightweight enough for real-time execution
with moderate ensemble sizes. Active sensing adds overhead, but it operates on short horizons
and a limited candidate set. The overall architecture is therefore suitable for integration into
supervisory decision support systems where cycle times are on the order of seconds rather
than milliseconds.

7. Conclusion

This paper proposed an entropy-stable, multi-fidelity digital-twin framework for gas-liquid
two-phase flow that prioritizes stability and calibrated uncertainty under sparse telemetry
and distribution shift. The main contribution was a constrained normalizing-flow closure
model that outputs admissible distributions over closure coefficients and that can represent
multimodal uncertainty without explicit regime labels, while remaining compatible with a
conservative solver that enforces a discrete entropy inequality. This combination provides a
practical guardrail against unstable rollout when closures are uncertain or updated online, a
failure mode that is particularly damaging when the twin is used inside optimization, control,
or sensing policies [43].

A second contribution was an information-theoretic active sensing formulation that selects
measurement configurations and safe excitation actions to maximize expected information
gain about latent holdup and closure deviations. By working directly with the twin’s pre-
dictive distributions, the sensing policy distinguishes reducible epistemic uncertainty from
irreducible variability and allocates sensing effort accordingly. Computational studies under
sensor dropout, sensor bias, geometry shift, and ambiguity-induced multimodality indicated
improved calibration and reduced instability relative to unconstrained closure surrogates, and
they illustrated how active sensing can narrow closure uncertainty and improve the reliability
of risk quantiles used for safety-aware decision-making.

The framework is intended as a stability-first foundation rather than a final operational
product. Extensions can incorporate richer thermodynamic effects, compositional variation,
and more detailed coupling to actuators and boundary equipment, provided the entropy-stable
and admissibility constraints are preserved. More broadly, the results support the view that
two-phase digital twins benefit from treating closures as constrained random variables and
from coupling inference with deliberate information gathering, especially in settings where
sparse telemetry and latent structure dominate operational uncertainty [44].
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